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Introduction 



Understood in a wide sense, square functions play a central role in classical 
Littlcwood-Paley theory. This entails for instance dyadic type decompositions of 
[~^ , Fourier series, Stein's theory for symmetric diffusion semigroups or Burkholder's 

CO ' martingale square function. All these topics provide a deep technique when dealing 

~nI^ ^ with quasi-orthogonality methods, sums of independent variables, Fourier multiplier 

f*-- ■ estimates... The historical survey [34] is an excellent exposition. In a completely 

^5 , different setting, the rapid development of operator space theory and quantum 

probability has given rise to noncommutative analogs of several classical results 
in harmonic analysis. We find new results on Fouricr/Schur multipliers, a settled 
theory of noncommutative martingale inequalities, an extension for semigroups on 
noncommutative Lp spaces of the Littlewood-Paley-Stcin theory, a noncommutative 
}J] ' ergodic theory and a germ for a noncommutative Calderon-Zygmund theory. We 

5^ ; refer to P El [TOl HH HH EH [27] and the references therein. 

The aim of this paper is to produce weak type inequalities for a large class 
of noncommutative square functions. In conjunction with BMO type estimates 
interpolation and duality, we will obtain the corresponding norm equivalences in 
the whole Lp scale. Apart from the results themselves, perhaps the main novelty 
relies on our approach. Indeed, emulating the classical theory, we shall develop a 
row/column valued theory of noncommutative martingale transforms and operator 
valued Calderon-Zygmund operators. This seems to be new in the noncommutative 
setting and may be regarded as a first step towards a noncommutative vector- valued 
theory To illustrate it, let us state our result for noncommutative martingales. 
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Theorem Al . Let {Mn)n>i stand for a weak* dense increasing filtration in a 
semifinite von Neumann algebra {A4,t) equipped with a normal semifinite faithful 
trace r. Given f = (/n)n>i o,n Li{A4) martingale, let 



Tmf = y^ S,kmdfk with sup V" l^femP < 1- 
fe=l ^^lm=l 

Then, there exists a decomposition Tmf ~ A^f + Bmf , satisfying 



I ( Y, iAnfMmfr) ^ + II ( E {BmfnBmf)) " 

I \ ^—^^ / 1,00 M \ ^^ / 



771—1 



00 

E' 

m— 1 



< sup|l/„|li. 

l.oo n>l 



In the statement above, dfk denotes the k-ih martingale difference of / relative 
to the filtration (Al„)„>i and |j ||i,oo refers to the norm on Li,oo(-A4)- In the result 
below, we also need to use the norm on BMO(Al) relative to our filtration as well 
as the norm on Lp(A^;£^). All these norms are standard in the noncommutative 
setting and we refer to Section [T] below for precise definitions. Moreover, in what 
follows 5k and e^ will stand for unit vectors of sequence spaces and matrix algebras 
respectively. 

Theorem A2. Let us setTZ = M^B(i2)- Assume that f is an Loo(A^) martingale 
relative to the filtration {A4n)n>i and define Tmf with coefficients S,km satisfying 
the same condition above. Then, we have 



E^™/' 



lei^ 



BMO(7?,) 



T7i— 1 m—1 

Therefore, given 1 < p < oo and f G Lp{A4), we deduce 



^ sup|i/„ 

BMOCR) „>i 



OO 



ni—1 



Tmf <E) <5„ 



< c„ 



Moreover, the reverse inequality also holds if^m \^kr, 



1 uniformly on k. 



Let us briefly analyze Theorems Al and A2. Taking £^km to be the Dirac delta 
on (k,m), we find Tmf = dfm and our results follow from the noncommutative 
Burkholder-Gundy inequahties [27l[30j. Moreover, taking ^kvi = for to > 1 we 
simply obtain a martingale transform with scalar coefficients and our results follow 
from [29j . Other known examples appear by considering {S.km) of diagonal-like 
shape. For instance, taking an arbitrary partition 



1^ Um and i 



km 



1 if fc G f2m, 
otherwise. 



It is apparent that J2m 1^' 



km 



1 and Theorem A2 gives e.g. for 2 < p < oo 



oo 

E 

m—1 fc^n^ 



KeIe^/^ 



E E dfk ~c, 11/11,. 
— I — / p 

m=\ ken^ '^ 

Except for p = 1, this follows from the noncommutative Khintchine inequality in 
conjunction with the Lp boundcdness of martingale transforms. The new examples 
appear when considering more general matrices (^/tm) and will be further analyzed 
in the body of the paper. 
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In the framework of Theorems Al and A2, the arguments in [27l[29l[30j are no 
longer vahd. Instead, we think in our square functions as martingale transforms 
with row/column valued coefficients 



m—1 k—1 m—1 

OO j^ CXD CXD 



k—1 7n—l 



where ~ means to have the same Li^oci-M.) or Lp(M) norm. Tensorizing with the 
identity on B{i2), we have dfk (E) ei.i = d{f Cg) ei^i)fc and we find our row/column 
valued transforms. According to [2S], we might expect 

OO OO 

V Ck d{f «) ei.i)k < Cp sup \\Ck\\B{e2} Y] dfk <» ei,i < Cp \\f\\p 
k=l ^ ^-^ k=l ^ 

and the same estimate for the ^^'s. However, it is essential in [29] to have commuting 
coefficients ^fe € 'R-k-i H 7?.J., where TZn = Mn®B{(,2) in our setting. This is 
not the case. In fact, the inequality above is false in general (e.g. take again 
S,km = S{k,m) with 1 < p < 2) and Theorems Al and A2 might be regarded as the 
right substitute. The same phenomenon will occur is the context of operator- valued 
Calderon-Zygmund operators below. 

Our main tools to overcome it will be the noncommutative forms of Gundy's and 
Calderon-Zygmund decompositions |241I26| for martingales transforms and singular 
integral operators respectively. As it was justified in [21], there exists nevertheless 
a substantial difference between both settings. Namely, martingale transforms are 
local operators while Calderon-Zygmund operators are only pseudo-local. In this 
paper we will illustrate this point by means of Rota's dilation theorem [33] . The 
pseudo-localization estimate that we need in this setting, to pass from martingale 
transforms to Calderon-Zygmund operators, is a Hilbert space valued version of 
that given in |24j and will be sketched in Appendix A. 

Now we formulate our results for Calderon-Zygmund operators. Let A denote 
the diagonal of M" x M" and fix a Hilbert space H. We will write in what follows T 
to denote an integral operator associated to a kernel k : M^" \ A ^ 7i. This means 
that for any smooth test function / with compact support, we have 

Tf{x)^ j k{x,y)f{y)dy for all x ^ supp/. 

Given two points x, y G M", the distance \x — y\ between x and y will be taken 
for convenience with respect to the iocin) metric. As usual, we impose size and 
smoothness conditions on the kernel: 



a) If x, y e M", we have 



\k{x,y)\\- < 



m 



|x-y|' 



x' 


1 , 

< — T 


y' 


1 , 

< — T 
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b) There exists < 7 < 1 such that 

/c(a;, u) — fc(x', v) L, < ■; ; — ; — if \x - 

II \ '^' \ '^'iiT-i: ^ Lr — y "+'>' 

||fc(.;,y)-fc(x,y')||« < |j^_~jl, if \y-y'\<-^\--y\ 

We will refer to this 7 as the Lipschitz parameter of the kernel. The statement 
of our results below requires to consider appropriate 7i-valued noncommutative 
function spaces as in [TU] . Let us first consider the algebra Ab of essentially bounded 
functions with values in Ad 

Ab = w : K" ^ A^ I / strongly measurable s.t. ess sup ||/(x)||^ < 00 >, 

equipped with the n.s.f. trace (^(/) = /]g„ T{f{x))dx. The weak-operator closure 
A of Ab is a von Neumann algebra. Given a norm 1 element e € Ti, take Pe to be 
the orthogonal projection onto the one-dimensional subspace generated by e and 
define 

LpiA^Tir) -= {lA®Pe)Lp{Am{n)), 

LpiAiHc) - Lp{Am{n)){lA<E)Pe). 

This definition is essentially independent of the choice of e. Indeed, given a function 
/ G Lp{A; Tir) we may regard it as an element of Lp{A®B{TC)), so that the product 
//* belongs to (1^ ® pe)Lpi2{A®BiJ-C)){lA ® Pe) which may be identified with 
Lp/2{A). When / e Lp{A;'Hc) the same holds for /*/ and we conclude 

II/IIlp(^;W,0 = ||(//*)^IL^(^) and ||/||l^(^;^,) - IK/*/)^ |L^(^)- 

Arguing as in [101 Chapter 2], we may use these identities to regard Lp{A) ® H as 
a dense subspace of Lp{A;'Hr) and Lp{A;Tic)- More specifically, given a function 
/ = J2k 9k'^Vk & Lp{A) (g) H, we have 



Lp{A) 



LpU) 



\\I\\L^(A:Ha) = \\Yl{'"i,Vj)g*gj 

i,3 

This procedure may also be used to define the spaces 

Li,oc{A;'Hr) and Li,oo{A;Hc). 
It is clear that L2{M\'Hr) — L2{M'.'Hc) and we will denote it by L2{Ai;'Hoh) 
Theorem Bl. Given f E Li{A), define formally 

Tf{x) = / k{x,y)f{y)dy 



where the kernel k : M^" \ A — s- 7i satisfies the size/smoothness conditions imposed 
above. Assume further that T defines a bounded map L2{A) — > L2{A;7ioh)- Then 
we may find a decomposition Tf = Af + Bf . satisfying 
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To state the following result, we need to define the corresponding 7i- valued 
BMO norm. Assume for simplicity that Ti. is separable and fix an orthonormal 
basis {vk)k>i in 'H. Then, given a norm f element e G 7i, we may identify (as 
above) f = J2k9k'^'"k € BMO{A) ® Ti with 

ef = J2k9k(^ie'»Vk) = i'i-A(^Pe)yJ2k9k(^ie(E>Vk)j, 

where e®Vk is understood as the rank 1 operator ^ G 7i i— > (ufc, ^)e and Vk®e stands 
for C e 7^ K^ (e, C)Vk- Then we define the spaces BMO(^; Ur) and BMO(^; He) as 
the closure of BMO(^) ® Ti with respect to the norms 

ll/l|BMO(.A;-Hr) = II e/||BMO(^«iBCH)) and || /||bMO(^;-Hc) = II /e||BMO(^»BCH)) • 

In the following result, we also use the standard terminology 

^ , . ^ , j LpiA^rtr) + LpiA^rtc) 1<P<2, 

l.p{J\, rirc) - I ^^(_4. ^^^ ^ ^^(_^. ^^) 2 < p < oo. 

Theorem B2. If f & Loo (-4), we afeo /laue 

llTf II + llTfll < II f\\ 

W J IIbMO(.A;-H^) ^ II •' llBMO(yl;-Hc) ^ "•' ll°°' 

Therefore, given 1 < p < oo and f G Lp{A), we deduce 

Moreover, the reverse inequality holds whenever \\Tf\\i^^(^j^.T-i^^) = ||/||l-,(^)- 

In Section[l]we prove Theorems Al and A2. Then we study an specific example 
on ergodic averages as in [3S]. In conjunction with Rota's theorem, this shows 
the relevance of pseudo-localization in the Calderon-Zygmund setting. We also find 
some multilinear and operator-valued forms of our results. Theorems Bl and B2 are 
proved in Section [2l The proof requires a Hilbert space valued pseudo-localization 
estimate adapted from [24] in Appendix A. After the proof, we list some examples 
and applications. Although most of the examples are semicommutative, we find 
several new square functions not considered in |10[ I19j and find an application in 
the fully noncommutative setting which will be explored in |12j . Finally, follow- 
ing a referee's suggestion, we also include an additional Appendix B with some 
background on noncommutative Lp spaces, noncommutative martingales and a few 
examples for nonexpert readers. 

I. Martingale transforms 

In this section, we prove Theorems Al and A2. As a preliminary, we recall 
the definition of some noncommutative function spaces and the statement of some 
auxiliary results. We shall assume that the reader is familiar with noncommutative 
Lp spaces. Given (M,t) a semifinite von Neumann algebra equipped with a n.s.f. 
trace, the noncommutative weak ii-space ii.oo(-A^) is defined as the set of all 
T-measurable operators / for which the quasi-norm 



/lli.oo^sup Arjl/I > AJ 



\>0 
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is finite. In this case, we write t||/| > A} to denote the trace of the spectral 
projection of |/| associated to the interval (A,oo). We find this terminology more 
intuitive, since it is renfiniscent of the classical one. The space £1.00 (A^) satisfies a 
quasi-triangle inequality that will be used below with no further reference 

At{|/i +/2I > a} < At{|/i| > A/2} + Xr[\h\ > A/2}. 



We refer the reader to [H [S^ for a more in depth discussion on these notions. 

Let us now define the space BMO(A^). Let Lq{A4) stand for the *-algebra of 
T- measurable operators affiliated to A4 and fix a filtration {A4n)n>i- Let us write 
E„ : A^ ^ A^n for the corresponding conditional expectation. Then we define 
BMO^ and BMO^^ as the spaces of operators / G Lo{A4) with norm (modulo 
multiples of !» ) 



11/11 



11/11 



BMO": 



BMO"; 



sup 

n>l 



sup 

n>l 



(/-E„_i(/))(/-E„_i(/))* 
E„((/-E„_i(/))*(/-E„„i(/)) 



M 



M 



It is easily checked that we have the identities 

En(Y.dfkdfl 



||/||bmo^ = sup 

n>l 



k>n 



ll/li 



BMCi 



sup 

n>l 



E„(^d/*dA 



k>r 



M 



M 



We define BMO{M) = BMO^ n BMO^^ with norm given by 

II/IIbmo(a1) = max|||/j|BMO^, II/IIbmoj^J- 

Finally, the space Lp{A4;i'^) was already defined in the Introduction. 

A key tool in proving weak type inequalities for noncommutative martingales 
is due to Cuculescu. It can be viewed as a noncommutative analogue of the weak 
type (1, 1) boundedness of Doob's maximal function. 

Cuculescu's construction [2]. Let f = (/i,/2,...) be a positive Li martingale 
relative to the filtration {A4n)n>i and let X be a positive number. Then there exists 
a decreasing sequence of projections 

g(A)i,g(A)2,g(A)3,... 
in Ai satisfying the following properties 

i) iWn commutes with (7(A)„_i/„g(A)„_i for each n > 1. 
ii) q{X)n belongs to M.n for each n > 1 and g(A)„/„(7(A)„ < A(j(A)„. 
iii) The following estimate holds 



t(1a^ - A q{X)n) < - sup||/„||i 



Explicitly, we set q{X)o = 1m and define q{X)n = X(o,A]('?(A)„-i/„g(A)„_i). 



NONCOMMUTATIVE LITTLEWOOD-PALEY INEQUALITIES 7 

Another key tool for what foUows is Gundy's decomposition for nonconimutative 
martingales. We need a weak notion of support which is quite useful when dealing 
with weak type inequalities. For a non- necessarily self-adjoint f Cz Ai, the two sided 
null projection of / is the greatest projection q in Ai satisfying qfq = 0. Then we 
define the weak support projection of / as 

supp*/= 1a -q- 

It is clear that supp*/ = supp/ when A4 is abelian. Moreover, this notion is weaker 
than the usual support projection in the sense that we have supp*/ < supp/ for 
any self-adjoint f e M and supp*/ is a subprojection of both the left and right 
supports in the non-self-adjoint case. 

Gundy's decomposition [26j. Let f = (/i,/2,...) be a positive Li martingale 
relative to the filtration {A4n)n>i o-nd let X be a positive number. Then f can be 
decomposed f = a + f3 + "f as the sum of three martingales relative to the same 
filtration and satisfying 

_. oo 

maxj- sup||a„||2, ^||d/3fc||i, Xt( \J siipp*d'yk]> < sup||/„||i. 

— k—l k>l — 

We may write a, (3 and 7 in terms of their martingale differences 
dak = qk{\)dfkqk{X)-^k^i{qk{X)dfkqk{X)), 

d(3k = qk-i{X)dfkqk^iW - qkWdfkqkW + Ek-i{qk{X)dfkqkW), 
djk = dfk - qk-iWdfkqk-iW- 

1.1. Weak type (1,1) boundedness. Here we prove Theorem Al. Let us begin 
with some harmless assumptions. First, we shall assume that A^ is a finite von 
Neumann algebra with a normalized trace r. The passage to the semifinite case 
is just technical. Moreover, we shall sketch it in Section [2] since the von Neumann 
algebra A we shall work with can not be finite. Second, we may assume that the 
martingale / is positive and finite, so that we may use Cuculescu's construction 
and Gundy's decomposition for / and moreover we do not have to worry about 
convergence issues. 

Now we provide the decomposition Tmf = A,nf + B^f ■ If ('?n(A))n>i denotes 
the Cuculescu's projections associated to (/, A), let us write in what follows q{\) 
for the projection 

q{\) = /\ g„(A). 

n>l 

Then we define the projections 

TTo - /\ q{r) and TTfc = /\ q{r) - f\ q{r) 

s>0 s>k s>k-l 

for fc > 1. Since X]a:>o "^^ ^ ^M^ we may write 

dfk = ^ TTidfkTTj + ^ TTidfkTTj = A,.(d/fc) + Ac(d/fe). 
i>j i<j 

Then, our decomposition r,„/ = A„if + B„if is given by 

00 00 

A,nf = ^ £,kvi^r{dfk) and _B„J = ^ ^km^ddfk)- 
fc=i fc=i 
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Since both terms can be handled in a similar way, we shall only prove that 

OO I 

sup A r| (V(A™/)(A„ J)*) ^ >a|< sup||/||i. 

By homogeneity, we may assume that the right hand side equals 1. This means in 
particular that we may also assume that A > 1 since, by the finitencss of A^, the 
left hand side is bounded above by 1 for < A < 1. Moreover, up to a constant 
2 it suffices to prove the result for A being a nonnegative power of 2. Let us fix a 
nonnegativc integer £, so that A = 2^ for the rest of the proof. 

Let us define 

W,= f\ qipJ). 
s>e 

By the quasi-trianglc inequality, we are reduced to estimate 

OO 

Ar{u;,(^(A™/)(A™/)*)w;, >A2}+Ar(l^ -«;,)= A1+A2. 

rn— 1 

According to Cuculescu's theorem, A2 is dominated by 

A ^r(l^ -<z(2^)) < 2^(E i) s'^P ll/"lli ^ 2 sup ||/„||i. 



\fl \/? ^ n>l n>l 

s>i s>t — — 

Let us now proceed with the term Ai. We first notice that wgni; — ttj-w^ — for any 
integer k > £. Therefore, we find wgAr(dfk) = weiJ2j<i<e'^i'^fk'^j) = weAri{dfh). 
Similarly, we have Ar{dfk)*Wi = Ari{dfk)*Wi and letting 

OO 

^mif = / ^^km^rejdfk), 
fe=l 

we conclude 

OO 

Ai = Ar{«;,( ^(A™,/)(An£/)*)«^£ > A^}. 

m—l 

Moreover, using the fact that the spectral projections X{x,oo)ixx*) and X{\,oo)ix*x) 
arc Murray-von Neumann equivalent, we may kill the projection Wi above and 
obtain the inequality Ai < Arj X]Tn(^"'^/)(^™^/)* > A^}. Now we use Gundy's 
decomposition for (/, A) and quasi-trianglc inequality to get 

OO 

Ai < Ar{ ^(A„fa)(.4„£a)* > A^l 

??l— 1 

+ AT{^(A„f/3)(A™f/3)* >A2} 

m—l 

OO 

+ At{ ^(An£7)(^mO)* > A^} = A„+A/3+A^. 
m—l 

We claim that A^ is identically 0. Indeed, note that 

Arf(rf7fc) = J2 '''{'^fk - qk-ii2^)dfkqk-ii2^))Trj = 
j<i<e 
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since 7ri(7fc_i(2^) = tti and qk-i{2^)iTj = iij for i,j < i. Therefore, it remains to 
control the terms Aq and Ap. Let us begin with Aq. Applying Fubini to the sum 
defining it. we obtain 



oo oo 



^{Arjiia){A„^iay = ^ (^^j^^km)\Ado^j)^r£{d^ky 



m—1 :;,^— 1 ni—1 

It will be more convenient, to write this as follows 

oo 



m—1 

_ oo _ _ _ _ 

^ Arf(daj)eijjf ^ I ^ Cim6m ejfcj ( y^ Arf(dafc)* 



oo oo 



efci 



oo 



j,k=l m=l 



fe=l 



].k=i j,k=i 



3 = i 



In particular, Chebychev's inequality gives 



-.00 00 



j=i 



irf 



00 



da 



i'^ij 



j.k=i 



E^. 



fcCjfc 



/c=l 



L2(7W(»B(f2)) 

2 

L2(7W(§iB(<?2))' 



j = l i,fc=l 

with Are ~ A.rt®idQ(^i^) a triangular truncation, bounded on L2{M®B{£2))- Thus, 
we get 

■"2 



L2{M®B{t2)) 



j = l j-k=l 

^ 00 00 ^^>VJ ^ V-^VJ 

= T E ( E^J"^'^-™)^'-^"^'^"^'' " ( sup ^ I Cfcmn y X!^'^'^"'^-^"fc' 



j,fc=l m=l — m=l fe=l 

Therefore, the estimate for A^ follows from our hypothesis on the ^fcm's and from 
the estimate for the a-term in Gundy's decomposition. Let us finally estimate the 
term A^. Arguing as above, we clearly have 



A/3 < \\{y2iAniP){A,nePr)l\ 

II v — / II 1.00 

m—1 

00 00 



Ll,oaiM(g>Bie2)) 



3=1 ]M=1 

Then we use the weak type (1,1) boundedness of triangular truncations to get 



00 00 



^{^^okdPj) ^^^l^Li 



fc=l 3 = 1 



{Mm{i2)) 



< (supj] |a™p)' Ell^/5^-|li< sup||/„||i. 

3 = 1 



k>l . 



n>l 



The last inequality follows from our hypothesis and Gundy's decomposition. D 
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1.2. BMO estimate, interpolation and duality. In this paragraph we prove 
Theorem A2. The key for the BMO estimate is certain commutation relation which 
can not be exploited in Lp for finite p. Namely, we have 



oo oo 



771—1 



Y^ Tmf (g) ei,„ = X! ( X! ^krnlM «> 61777 ) {dfk ® lB(i!2)) = Yl '^i^kif «> Ib{12))) 



k=l rn=l 



fc=l 



e. 



where the last martingale difference is considered with respect to the filtration 
TZn = Mn®l3{£2) oiTZ. Note that ^l commutes with dfk ^ 1b(£2) ^^'^ therefore we 
find that 



E^™/' 



1 ei, 



7n=l 



2 

BMo:; 



sup Y En((#fe ® Mi.))Cka*{dfk ® Ibh,))*) 



n 



< I sup 
■ fc>l 



Ei^^ 



I/®1 



s(^2)||bmo^ 



km 

^ II/®i«(^.)IIbmo, < II/IIbmo:^ < 11/11 



Similarly, |1 ^„ T„J <E> ei 
II E^"/' 



777 1 1 BMO 



5, ^ II/IIbmo-^ < ll/lloo SO that 



' Sir. 



< 



BMO(7?,) 



I./II 



BMO(A^) 



< sup||/,J 



The estimate for J2m "^mf ® e,ni is entirely analogous. This gives the Loo — BMO 
estimate, or even better the BMO — BMO one. Note that we make crucial use of 
the identity \\f <» lB(i^)\\oc. = ||/||oo! However, \\f <^ li3ie2}\\Lp{n) ¥" W/h^iM) for p 
finite. That is why we can not reduce the Lp estimate to the commutative case. 

With the weak type (1, 1) and the BMO estimates in hand, we may follow by 
interpolation. Namely, since the case p = 2 is trivial, we interpolate for 1 < p < 2 
following Randrianantoanina's argument '30J and for 2 < p < oo following Junge 
and Musat [131 [H] . This gives rise to 



E ^™/ ® ^r, 



m— 1 



Lp{M;e^^J 



<Cp||/||p 



for all 1 < 7? < oo. Assuming further that ^^^ I^AirnP = 7/c ^ 1, wc find 

CO 

ll/llp = sup E('^^'=''^-9fe) 

Il9llp'<l fc=l 

OO ^ OO 

sup E~ E (^'=™^/'''^'^™^5'^') 
ilL'<i 7.-1 Tfc „,_, 



llslL'<i 



k—l 777 — 1 

OO oo 



k=l 



Ik 



< 



^^p E ( E ^'^'™ '^/'^ ' E ~^ ^3. 

\\9\\p'<i rn=l k-- 

OO 

II E^™/®*^" 



'MM;i-J ,|g||^,<l 



sup E E ~^'^9k <^ S, 



777—1 A;— 1 



Ik 



Therefore, the reverse inequality follows by duality whenever '^^^ \S,, 



km I 



1. D 
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Remark 1.1. The aim of Theorem A2 is 



11 



^ (T„/)(T„j)*) ' + II ( ^ (r,„/)*(T„j) 



T71 — 1 



< 



Cpli/ll, 



for 2 < p < cx), since the remaining inequaUties follow from it and Theorem Al. 
Nevertheless, a direct argument (not including the BMO estimate) is also available 
for J) G 2Z. Indeed, by Khintchine and Burkholdcr-Gundy inequalities 



Y. T„J ® d„ 



771—1 



CX3 OO 



LpiMiei^) 



/ I X! ( X! ^k7nrm{w)jdfk 



k=l m=l 



P 



Lp{M) 



djiiw) 



Aw) 



Lp(M;ll^ 



dfi{w) 



Yik{w)dfk 

fe=i 

If p = 2j, we use Holder and again Khintchine + Burkholdcr-Gundy to obtain 

{Y.M''\dh?f d^, 

, r ^ \ r 

niaj'^^U \dfkA^\dh, 
I 

E n 



/c=l 



E 

ki ,k2----,kj—l 



s^l 



'WkA' 



< 



< 



k\ ,k2,...,kj—l s—1 

OO 



\ik^''d^iYT \dhA'\dfk 



Wk,? 



(sup^ia-™p)v(EMMT < ^l\\n\i 



The row term is estimated in the same way. This completes the argument. 



D 



Remark 1.2. Our results so far and the implications for semigroups explored 
in the next paragraph can be regarded as an alternative argument in producing 
Littlewood-Paley inequalities from martingale inequalities. Namely, the key result 
is Gundy's decomposition while in [35l Chapter IV] the main ideas are based on 
Stein's inequality for martingales, which is not necessary from our viewpoint. 

Remark 1.3. The adjoint of ^^^ Tm ® 5m is 

OO OO 

rTi— 1 m—1 

Letting S^k = X^m ^^"^ ® '^"^' ^^^^ mapping can be formally written as 

CXD OO OO CX3 

^ T„g™ = E E ^fc-^-^r = E {^k,ddk). 



k=l m=l 



fc=l 



In other words, we find a martingale transform with row/column valued coefficients 
and martingale differences. In this case, we have again noncommuting coefficients 
and Theorem A2 gives the right Lp estimate. 
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1.3. Rota's dilation theorem and pseudo-localization. We show that the key 
new ingredient to produce weak type inequaUties for square functions associated to 
a large family of semigroups is a certain pseudo-localization estimate. This applies 
in particular for semicommutative Calderon-Zygmund operators and illustrates the 
difference between Theorems Al and Bl. Our argument uses Rota's theorem [33] 
in conjunction with Stein's ergodic averages [35], we find it quite transparent. 

According to [10], we will say that a bounded operator T : A4 ^ M satisfies 
Rota's dilation property if there exists a von Neumann algebra TZ equipped with 
a normalized trace, a normal unital faithful ^-representation n : M —^ TZ which 
preserves trace, and a decreasing sequence {TZm)m>i of von Neumann subalgebras 
of TZ such that T™ = E o £^ o tt for any m > I and where £m ■ TZ -^ TZm is the 
canonical conditional expectation and M : TZ ^ M is the conditional expectation 
associated with tt. By Rota's theorem, T^ satisfies it whenever Ai is commutative 
and T : A4 -^ M is a normal unital positive self-adjoint operator. This was used by 
Stein [35] for averages of discretized symmetric diff'usion commutative semigroups 
and also applies in the semicommutative setting of [19]. We also know from [10] 
that the noncommutative Poisson semigroup on the free group fits in. 

The problem that we want to study is the following. Assume that T : A^ ^ A^ is 
a normal unital completely positive self-adjoint operator satisfying Rota's dilation 
property. Given / € Li{Ai) and m>0, set 

_. m 

S™/=^— Vr'/ and r„j - E„J - S,„_i/. 
m + 1 ^-^ 

fc=0 

What can we say about the inequality 

oo 

II Yl Vmr„J(E)d 



-A-M-Jl^ 



<ll/lll? 



m— 1 

Of course, the norm in Li_oo{M.\ ^rc) denotes the one used in Theorem Al. 

This might be related to weak type estimates for general symmetric diffusion 
semigroups satisfying Rota's dilation property. It seems though that the classical 
method [35] only works for p > 1, see [TOl [17] for noncommutative forms of Stein's 
fractional averages. Nevertheless there are concrete cases, like the noncommutative 
Poisson semigroup on the free group, where more information is available. The idea 
is to prove first its martingale analog and apply then Rota's property to recognize 
pseudo-localization as the key new ingredient. The martingale inequality below is 
the weak type (1,1) extension of [lOl Proposition 10.8]. 

Corollary 1.4. Let {M.n)n>i be either an increasing or decreasing filtration of the 
von Neumann algebra A4. Given f G Li{J\4), we set /„ = £n{f) and define the 
following operators associated to f for m> 

1 '" 

o-m/ = — T V" fk and 7„J = cr^/ - cr„i_i/. 

m + 1 "^-^ 

k=0 

Then, there exists a decomposition \/m^mf ~ ctmf + Pmf such that 

oo j^ oo i_ 

E("™/)(«™/)*)\ + IKE (""/)* ("™/))' ^ii/iii- 



l,oo 



rn—l 



l,oo 
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Proof. Theorem Al still holds for decreasing filtrations (A^n)n>i- Indeed, it 
suffices to observe that any finite (reverse) martingale (/i, /2, . . . , /n, /n, /«, ■ • ■) 
may be rewritten as a finite ordinary martingale by reversing the order, and that 
this procedure does not affect the arguments in the proof of Theorem Al, details 
are left to the reader. On the other hand, as in [lOl [35] it is easily checked that 

m J 

Vm^nJ = V ^=- — - dfk. 

^ — ' y'm(m + 1) 

Therefore, the result follows from Theorem Al since fi.„-i = (5t<m^=7^— ttt- Q 

' ^M/i ''^"' \/m(m+l) 

Now we are in a position to study the norm of ^^^ y/m Tmf^Sm in ii.oo(A^; ^rc)- 
Namely, since we have assumed that T satisfies Rota's dilation property, we have 
V^ Tm/ = -x/to Eo7j„o7r(/). The presence of tt is harmless since it just means that 
we are working in a bigger algebra. Moreover, when working in Lp the conditional 
expectation E is a contraction so that we may eliminate it. However, this is not 
the case in Li,oo and we have to review the arguments in the proof of Theorem Al 
for the operator 

Tmf = Vm Eo7„J = y^ ——- Edfk = y^CfcmEd/fe. 

We consider the decomposition T,„/ = A^f + B„J with 

oo oo 

Am! = Y. ^kmAr{E dfk) and B„J = Y, ar„A,(E dfk). 

k=l k=l 

Following the proof of Theorem Al, we are reduced to estimate the three square 
functions associated to the terms a, (3 and 7 in Gundy's decomposition. The a and 
(3 terms are estimated in the same way, since the weak Li and the L2 boundcdness 

of Arf ® idjsi(.,\ is also satisfied by A^^E ® idj^u^y 

Conclusion. The only term that can not be estimated from the argument in 
Theorem Al is the 7-term. Nevertheless, the key to estimate that term is the fact 
that it is supported by a sufficiently small projection. More specifically, it is easily 
checked that we have supp*d/fc < 1m — wg ioi k > 1 and Xt{1m — wg) < 2|l/||i. 
According to [231 Remark 5.1], this gives 

dfk = {Im - we)dfk + dfk{lM - wt) - {1m - wi)dfk{lM - wg). 
Moreover, since wiTTk = T^kWf = tt^ for k < £, wc find 



fc=i 



£,km^rl{Edfk) = Arl WgEiwlArnf + Knfwl -wlA,nfwl)wi 



where A„if = J^k^kmdfk and wj' = 1m — we. That is why we obtain a zero 
term in the martingale case, with E being the identity map. In the general case, 
this indicates that we shall be able to obtain satisfactory inequalities whenever 
E almost behaves as a local map, in the sense that respects the supports. As we 
shall see in the next section, when dealing with operator-valued Calderon-Zygmund 
operators, the role of 7 will be played by the off-diagonal terms of the good and 
bad parts of Calderon-Zygmund decomposition. The pseudo-localization estimate 
needed for the bad part is standard, while the one for the good part requires some 
almost-orthogonality methods described in Appendix A. 
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As far as we know, this pseudo-localization property is unknown for all the fully 
noncommutative Calderon-Zygmund-type operators in the literature. Particularly 
it would be very interesting to know the behavior of the noncommutative Poisson 
semigroup on the free group. This leads us to formulate it as a problem for the 
interested reader. 

Problem. Let us consider the Poisson semigroup 

Tt{X{g)) - e-*l^lA(.g) 

given by the length function in the free group von Neumann algebra. It is known 
[101 117] that square and maximal functions are bounded maps on Lp. Are these 
mappings of type (1,1)? 

1.4. Further comments. We have seen so far several particular cases of Theorems 
Al and A2. Namely, in the Introduction we mentioned noncommutative martingale 
transforms and square functions as well as shuffled square functions where the 
martingale differences are grouped according to an arbitrary partition of N. In the 
previous paragraph we have seen that Stein's ergodic averages, in connection with 
semigroups satisfying Rota's property, also fall in the framework of Theorems Al 
and A2. In this paragraph, we indicate further applications and generalizations of 
Theorems Al and A2. 

A. Multi-indexed coefficients /martingales. Replacing dfk in our main results by 
Rademachcr variables or free generators clearly gives rise to new Khintchine type 
inequalities. The iteration of Khintchine inequalities was the basis in [25j for some 
multilinear generalizations that where further explored in [HI [32]. Although a 
detailed analysis of these methods in the context of our results is out of the scope 
of this paper, let us mention two immediate consequences. 

In the iteration of Khintchine type inequalities, it is sometime quite interesting 
to being able to dominate the cross terms that appear by the row/column terms and 
thereby reduce it to a standard Khintchine type inequality. Our result is flexible 
enough to produce such estimates. 

Corollary 1.5. Assume that 

oo oo 

m— 1 n— 1 

Let T„inf = J2k PkmVkndfk. Then, if 2 <p <oo, we have 

OO OO CX3 

II ^-^^ p II ^—^^ p II ■^— ^ 

?ri,n— 1 m,n— 1 7n,n— 1 

We may also replace e^.n by Cn.m- If ^ <P <'^7 certain dual inequalities hold. 
Proof. Let us consider the spaces 



ICp - 


= Rp ®h Rp + Cp ®h Cp, 


7^ - 
Jp - 


= Rp®hRpnCp®hCp, 


K?p = 


= Rp®hRp + Rp®hCp + Cp®hRp + Cp(E)hCp, 



Jp = Rp dih Rp n Rp (g)h Cp n Cp ®h Rp n Cp ®h Cp. 
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The assertion for 2 < p < oo gives that the norm of {Tmnf) in Lp{M\Jp) is 
bounded above by the norm in Lp{M; j},\ The dual formulation just means that 

The proofs of both inequalities are similar, thus we can assume 2 < p < cx). Since 

oo 

y^ |PfcTn??fcnP ^ 1, 
m,n— 1 

we may apply Theorem A2 for ^fe_(m,n) = PkniVkn and obtain that the norm of 
(Tmnf) in Lp{M]Jp) is equivalent to the norm of / in Lp{M.). We claim that the 
same equivalence holds for Lp{M\Jp). Indeed, applying Theorem A2 first in the 
variable m and then in n^ we obtain 

oo 

II ^^ lip 

7n,n— 1 



' em.,1 



oo oo oo 

m— 1 A;— 1 n— 1 

oo oo 

- ||y"(y"'7fcn4ffc) ®ei,„ < ii/iip. 

II ^ — ' \ ^ — ' / p 

n=l fe=l 

The same argument for e„^m instead of em,n applies and the result follows. D 



Note that CoroUarv 11.51 also applies for d indices. In this case all the terms are 
dominated by the row/column terms ei,mi-md and e,ni-md,i- Another multilinear 
form of Theorem A2 is given by considering multi-indexed martingales. We refer 
to [531 Section 4.2] for the definition of a multi-indexed martingale. Like it was 
pointed in |23| , successive iterations of Theorem A2 give rise to a generalization of 
it for multi- indexed martingales. 

B. Commuting operator coefficients. A natural question is whether Theorems Al 
and A2 still hold when the coefficients £^km are operators instead of scalars. In 
view of [29j , we must impose certain commuting condition of the coefficients ^km , 
we refer to [24l Section 6] for more details on this topic. We state below the 
precise statement for operator coefficients. It is not difficult to check that the same 
arguments apply to this more general case, details are left to the reader. 

Corollary 1.6. Assume that S^km £ A^fe-i H Ai' and 

oo 



oo 



k>l " — 



M 



<1, 

M 



7n— 1 m— 1 

where A4' denotes the commutant of M. Then, Theorems Al and A2 still hold. 

Remark 1.7. It is finally worth mentioning that Junge and Kostler have recently 
developed an Hp theory of noncommutative martingales for continuous filtrations 
[9j. Our results could also be studied in such setting, although it is again out of 
the scope of the paper. 
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2. CALDERON-ZyGMUND OPERATORS 

In this section, we prove Theorems Bl and B2. We recall the definition of the von 
Neumann algebra (.4, </?) from the Introduction. Note that Lp{A) is the Bochner 
space of Lp functions on R" with values in Lp{M). We shall need some additional 
terminology. The size of a cube Q in R" is the length £{Q) of its edges. Given 
fc g Z, we use Qk for the set of dyadic cubes of size 1/2*^. If Q is a dyadic cube and 
/:R" ^ Lp{M), we set 

Let (Efe)fcgz denote this time the family of conditional expectations associated to 
the classical dyadic filtration on R". E^ will also stand for the tensor product 
Efc (Xi idM acting on ^. If 1 < p < oo and / G Lp{A), 

Ea;(/) = fk = 2_^ fQ^Q- 
QeQk 

{Ak)kGZ denotes the corresponding filtration Ak ~ ^k{A). We use Q for the dyadic 
father of a dyadic cube Q, the dyadic cube containing Q with double size. Given 
S > 1, the (5-concentric father JQ of Q is the cube concentric with Q satisfying 
1{SQ) = S£{Q). Given / : R" -^ C, let dfk denote the k-th martingale difference 
with respect to the dyadic filtration. That is, 

QeQk 

Let TZk be the class of sets in R" being the union of a family of cubes in Qk ■ Given 
such an TZk-sct O = (J Qj, we shall work with the dilations 9fl = (J 9Qj, where 
9(5 denotes the 9-concentric father of Q. 

The right substitute of Gundy's decomposition in our new setting will be the 
noncommutative form of Calderon-Zygmund decomposition. Again, the main tool 
is Cuculescu's construction associated (this time) to the filtration {Ak)k<£Z- Let us 
consider the dense subspace 

Ac,+ = Li{A) n |/ : R" ^ A^ I / e A+, sTIpp/ is compact! C Li{A). 

Here supp means the support of / as a vector- valued function in R". In other 
words, we have supp/ ~ supp||/||». We employ this terminology to distinguish 
from supp /, the support of / as an operator in A. Any function / G Ac.+ gives rise 
to a martingale {fn)nez with respect to the dyadic filtration and we may consider 
the Cuculescu's sequence {qk{X))kez associated to (/, A) for any A > 0. Since A will 
be fixed most of the time, we will shorten the notation by qk and only write qkW 
when needed. Define the sequence {pk)kei. of disjoint projections 

Pk = Qk-i - Qk- 
As noted in [24j . we have qk = 1^ for k small enough and 

^Pk^^A-q with q^ f\qk- 

kez fcez 
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Calderon-Zygmund decomposition [2l|. Let f E Ac,+ and let \ be a positive 
number. Then, f can be decomposed f ~ gd + 9off + &d + boff as the sum, of four 
functions 

gd = qfq + ^PkfkPk, gog = ^PtfiwjPj + qfq^ + q^fq, 

bd = ^Pkif ~ fk)Pk: boff = ^Piif - flWj)Pj, 

where i\/ j ~ max(i, j) and q^ = lyi — q. Moreover, we have the diagonal estimates 

fcez fcez 

Remark 2.1. Some comments: 

• Let m\ be the larger integer with qm^{X) — 1^- 

• There exist weaker off-diagonal estimates for g and 6, see [211 Appendix B] . 

Remark 2.2. We have 

oo oo oo oo oo 

9off =^ X! Pkdfk+sqk+s-1 + qk+s^idfk+sPk = ^ ^ .9fe,s = X!-9(«)- 

s=l k=rnx+l s=l fe=mA + l s=l 

Moreover, it is easily checked that 

oo 
sup 11.9(8)11 2 = sup ^ ll.gfc,s||2 ^ A||/||i 

S>1 S>1 , , T 

— — k^nix + 1 

and that supp*(ig(^) ~ supp*5fc.s < Pk l£ ^A ^ qk, see |24| for further details. 



We need one more preliminary result. Given A > 0, we adopt the terminology 
from [21] and write qfc(A) = X^oeo CqIq with ^g projections in M. Thus, since 
we are assuming that QnixW = 1.4; we may write 

fe 

s=mx + lQeQs 

An R"-dilated version (by a factor 9) of it is given by 

k 

suppipkW with i'k{X) ^ ^ ^ i^Q-^Q)hQ, 

s=mx + lQeQs 

the support projection of ipki^)- The result below is proved in [211 Lemma 4.2]. 
Lemma 2.3. Let us set 

C(A) = /\ Cfc(A) mf/i Cfc(A) = 1^ - suppi^fc(A). 

fcez 

Then, ^(A) is a projection in A and we have 

i) A^(l^-C(A))<9"||/||i. 
ii) If Qo is any dyadic cube, then we have 

C(A)(lM®l9Q„) < (lA1-eQ„+eQo)®l9Q„. 

In particular, it can be deduced that C,{X){\m ® I9Q0) — Cqo ® l9Qo- 
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2.1. A pseudo-localization result. Now we show how to transfer the result m 
Appendix A to the noncommutative setting. We shall need the weak notion supp* 
of support projection introduced before the statement of Gundy's decomposition 
above. It is easily seen that supp*/ is the smallest projection p in A satisfying the 
identity f = pf + fp — pfp- We shall prove the following result. 

Theorem 2.4. Given a Hilhert space Ti, consider a kernel k : R^" \ A ^ 7i which 
satisfies the size/smoothness conditions imposed in the Introduction and formally 
defines the C alder on- Zygmund operator 

Tf{x)= [ k{x,y)f{y)dy. 



Assume further that T : L2{A) -^ L2{A] Tioh) is of norm 1 and fix a positive integer 
s. Given f G L2{A) and fc G Z, let us consider any projection qk in At satisfying 
that 1_4 — Qk contains supp* dfk+s cis a subprojection. If we write 

Ik = J2 ^Q^Q 
QeQk 

with ^Q projections, we may further consider the projection 

Cf,s= /\ {ia- V (i^-^q)19Q 

A:6Z QeQk 

Then we have the following localization estimate in L2{A;Ti.oh) 

||[C/,.T/C/,.](x)||^^(^^„^^jdx)"<c„.^s2-^^/2^^^(|^^(^)|2)^^^^^ 

Proof. We shall reduce this result to its commutative counterpart in Appendix A 
below. According to the shift condition imposed supp* dfk+s -< ^A ~ Qk, we have 

dfk+s = qidfk+s + dfk+sqi - q^dfk+sqi 
where we write qj: = 1^ — qk for convenience. On the other hand, let 

(2.1) a = i^- V i'^M-iQ)HQ, 

QeQk 

so that C/.s = A/c Ca;- As in Lemma E751 it is easily seen that 1_4 — C^ represents the 
M"-dilated projection associated to 1^ — qk with a factor 9. Let Ca and TZa denote 
the left and right multiplication maps by the operator a. Let also CR-a stand for 
'Ca + Ti-a — ^cJi-a Then our considerations so far and the fact that C/^^ , TZ(^^ and 
CTZ„± commute with Ej for j > k give 

CLsTfCf,s 

- ^C/,.,7^o,.(Efc ^kTAk+sCTZ^^ +Y.^{^d- Ek)Cc,ni,TCTZ^^Ak+s){f). 
Now wc claim that 

^CkT^CkT^T^q^ = ^Ck'^CkT4■2-''^^^q^■ 
Indeed, this clearly reduces to see 

^aTCq±= CQ^T^.2-kCq± and TZ^^TU^^ = n^^T^.2->.n^±. 



NONCOMMUTATIVE LITTLEWOOD-PALEY INEQUALITIES 19 

By symmetry, we just prove the first identity 

^CkT€,q±f{x) = ^ Ck{x){lM-iQ) j k{x,y)f{y)dy. 

Assume that x e 9Q for some Q G Qk, then it foUows as in Lemma [2.31 (see the 
definition of the projection Cfe) that Ckix) < Cq- ^^ particular, we deduce from the 
expression above that for each y £ Q we must have x € R" \ 9Q. This impUes 
|a^ — y| > 4 • 2^^ as desired. Finally, the operators C,TZ and CR. inside the bracket 
are clearly absorbed by / and Qf.s- Thus, we obtain the identity below 

Assume that T*l = 0. Our shifted quasi-orthogonal decomposition in Appendix A 
asserts that the operator inside the brackets has norm in B{L2, L2{'H)) controlled by 
c„.^s2~''''''/^. In particular, the same happens when we tensor with the identity on 
L2{M), which is the case. When T*l ^ 0, we may follow verbatim the paraproduct 
argument given in Appendix A by noting that Cf.sQk ~ 1'tCf,s = 0. □ 

Remark 2.5. The projections 

{^A-qk,Q,sXk) 

represent the sets (i7fc,R" \ S]/,s,R" \ 951^) in the commutative formulation. 

2.2. Weak type (1, 1) boundedness. We prove Theorem Bl in this section. As 
usual, we may take / € Ac,+ - To provide the decomposition Tf ^ Af + Bf, we use 
the projections <^{X) in Lemma [^751 Define 

^fe = /\ C(2'') - /\ C(2^) for k e Z. 

s>k s>k—l 

If we set Xf =- j|/j|oo (which is finite since / e Ac.+); we have |j//c||oo < Xj for all 
integers fc. In particular, given any A > A/, it is easily checked that (7fe(A) = 1^ for 
all fc g Z and we deduce that C(A) = lyi for all A > A/. This gives rise to 

5^"^ = ..ll^oo[Ac(n- A c(2-^)]=i^-Ac(2'=) = i^-^'. 

fcGZ ' s>kx s>-k2 feGZ 

Our decomposition for Tf is the following 

Tf = vr/v 

+ ^r/(l^-7/.)+^7r,r/7r, = ^jTfyj + Af + Bf. 

i<j 

We claim that \\Af\\L^^^ji^.nr) + \\Bf\\Li,^{A:H^} ^ ll/l!i- As we shall see at the end 
of the proof, the term ^ Tf ip is even easier to handle. Assume for simplicity that Ti 
is separable and fix an orthonormal basis (m„i),„>i of 7Y. lik„-i{x^y) ~ {um,k{x,y)), 
we denote by T,„/ the Calderon-Zygmund operator associated to the kernel fc„i, 
while Amf and Bmf stand for the corresponding parts of T„if. Then, we have 

OO I 

Uf\LMA;n.) = '^P A^{( E(^™/)(A„/)*)' > a}. 
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As in the martingale case, we may assume that A = 2^ for some integer I. Note 
that we do not impose £ > since A is no longer finite and we also need to consider 
the case < A < 1. Let us define 

^^^ = A c(2^)- 

S>1 

By the quasi-triangle inequality, we majorize again by 

oo 

\if\wi(^ Y^ {A„J){Amfy)wi > A^l +X^{1a - we) = Ai + A2. 

771—1 

Then we apply Lemma 12.31 to estimate A2 and obtain 

A2 < 2^^^(l^ - C(2^)) < 9"2^^2-^||/||i < 2 . 9" ||/||i. 
s>e s>e 

We will use that ipwi = wiip = ip and 

fTTfc iffc<^, 
TTkWll = Wi-Kk = < 

I otherwise. 
Therefore, defining pk = ij.' + J2j<k ""i' ^^ have 

WeA,nf = ^ TTj {we T,nf We) Pi = Ajnff- 

i<e 

Note that wiTmf ^ weTmfwe and that is where we need to break T^f into 
row/column terms. On the other hand, by the Calderon-Zygmund decomposition 
of (/, A), we conclude 
00 
Ai < A(p{ ^(A™fgd)(Am£ffd)* > A^l 

771—1 

+ A(p| Y{A^ebd){A^ibd)* > A^j 

771—1 

+ A(p| 'Y{Ame9ojf){Ame9off)* > A^j 

777—1 

00 

+ X(pl'Y{Ajneboff){Ajneboff)*>>^^\ = fi^g,d+ fi^b,d + ^^g.off + f^b.off- 

777—1 

The term Ag^d- Chcbychcv's incquahty gives for A^.^^ 



- CX3 

Ag,d < T ^^Vi'^i ("^^ ^™ffd ^^) Pii'^i TraQd We)* TT,;) 
m=l i<e 

< T- ^ ifiiiwe T,ngd We) {wi T^gd we)*) 

777 — 1 

< J f^ v{{T„,gd) {T„.gd)*) = j\\Tgd\\l^^^.^^^^^ < \\\gd\\l < 2"|i/|li. 

777 — 1 

Last incquahty is part of the statement of Calderon-Zygmund decomposition above. 
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The term Ag^off- Arguing as for gd we find 

_, oo 

Ag^off < -r'^'~p{{wiTmgoffWe){we,Tm9offWt)*) 

?Tl— 1 

On the other hand, we have 

supp*d5(s)^^^ <1a- qk{'2.^) 
from Remark 12.21 and we claim Wi < Cg,^.,s- Indeed, clearly w^ < C(2^) and 

V (1m~Cq)19Q = SUpp ^(1^-^q)19Q 

QeQk QeQk 

k 

< supp ^ ^{^Q-^Q)hQ = suppV'fc(20- 

Therefore, we conclude 

Wi < C(20 ^ /\{1a- suppV'fe(20) < /\{1a- V (1^ - ^q)^9q) = Cs(.,..- 
feGZ fcez QeQfc 

Using this inequality and pseudo- localization (Theorem 12. 4p . we obtain 

1 f nr. „ . n, ,„2 



^g.off 



LCs(s),sr3o#C3(s),sJ(2;)||L2(A1;-H„h) 

^ l(l^f/ ll[C9(=).^rff(^)Cs(.,.s](a;)"' 

oo 1 



oo 

s— 1 



-7s/2 



dx 



2 



da; 



C«.7ll/I|li 
/c— m^ + l 

where the last estimate follows from the inequality given in Remark 12.21 
The term A(,.d- We have 

A„iebd = E '^^ ^"^^ ^"^^'^ we)TTj + IE ^i\ ('^f ^™^d ^e) ^■ 
j<i<e i<i 

Since X]7<i<e ""j ' ^-j ^^^ [X]j<f tt;] • V are of weak type (1, 1) 



II — 1,00 II 

m—1 ni—l 

Letting bd,k = Pk{f - fk)Pk, we find that k^^d is dominated by 

E E ^® / (E [/ km{x,y){wt{x)bd,k{y)wi{x))dy\* 



fc=mA+lQeQfc 



TM — 1 



dec. 



Given y e Q e Qk, v/e have pfe (y) = ^q - ^q and 

wi{x) bd,k{y) Wi{x) = for (a;,y) e 9(5 X Q 
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by Lemma 12.31 This means that 

oo oo 

Ab.d ^ X! 51 \\'>JJe\^^'^s.^\9QTm.{bd,ki-Q)®eirnjwe 

k=mx + lQeQk "1=1 

oo ^ oo ^ 

Y. H ^® / (nit/ k,n{x,y)bd,k{y)dy]* 



k=mx + lQeQk 



dx. 



By the mean zero of hd^k on Q, we rewrite our term as follows 

oo ^ oo ^ 

^ ^T®1 (^\[{km{x,y)-k^{x,CQ))bdAy)dy]* 

where cq denotes the center of Q. We see it as an Li{A;'Hr) norm of 

oo ^ 

X] ( / (^™(2^' y) ~ krn{x, cq)) bd,k{y) dy] (g) U„i. 



dx, 



Putting the Li(yl, 7i,.) norm into the integral /„ gives us a larger term 



V V r® / / (y2m^k{y){k*m{x,y)-k:^{x,CQ)) 

k=m, + lQeQk ■''K"\9Q^Q \„=i' 



dydx 



oo „ „ oo j_ 



k=mx + lQ<^Q 






i^(Q)r 



\9Q 



CQ 



|n+7 



dx 



•r® / \b*d,k{y)\dy 

Q 



\bl^iy)\dy < 2 11/11 



k^mx + lQ^Qk 

oo 

^ E - 

The last inequality uses the diagonal estimate in Calderon-Zygmund decomposition. 

The term f^b,off- Although it is more technical, the estimate for f^b,off is very 
similar in nature to that for /Kbd- Indeed, the only significant difference relies on 
the fact that we have to show 

oo oo 

Y, II Y.^WlTrabk,sWl) ® eim\^<2~''' WfWi 
k—mx+'^ m—1 

for each s > 1. Namely, here we write bk,s for the sum of the fc-th terms in the 
upper and lower s-th diagonals of boff, and the estimate above resembles the same 
procedure that we used for goff in comparison with gd- That is, there exists a 
geometric almost diagonal phenomenon. It is nevertheless straightforward to check 
that the arguments above for Ab^d also apply for Ab^off using the ideas in [24] for 
the off-diagonal term of the bad part in Calderon-Zygmund decomposition. 

Conclusion. By symmetry, the same arguments apply to estimate the norm of 
the column term Bf. It therefore remains to consider the term iJjTfip. However, 
note that ^p < W£ and we know from the arguments above how to estimate the term 
WiTfwi. The proof is completed. D 
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2.3. BMO estimate, interpolation and duality. We now prove Theorem B2. 
Let us briefly recall the definition of the noncomniutative analogue of function-BMO 
spaces. According to [H], we define the norms (modulo constants) 



I BMO'; 



|BMO= 



We also set 



sup 

Q cubcCR" 

sup 

Q cubcCR" 



1/I|bMO(.A) 



1 



(w\J (^(^)-^q)(^(^)-^'3)*^^ 






ifi^)~fQnf{^)~fQ)dx 



M 



M 



:{il/ll 



BMO' 



,, 11/11 



BMO", 



The spaces BMO{A;'Hr) and BMO{A;'Hc) were defined in the Introduction. As 
in the previous paragraph, we fix an orthonormal basis {um)m>i of Ti. and define 
km{x,y) and T^f accordingly. Letting TZ ~ A'SiB{i2), we have 



BMOCR) 



BMOCR) 

By symmetry, we just prove \\Tf\\-BMO{A;na) ~ ll/lloo- As usual, in the definition 
of the BMO norm of a function /, we may replace the averages fg by any other 
operator ag depending on Q. Fix a cube Q in M" and let 



Tf\\BMO{A;Hr) " 


m—1 


^/ BMO(yl;-Hc) = 


OO 



m— 1 



We have 



1^1 I I {k,n{x,y)-k,niz,y))f{y)dydz+ km{x,y)f{y)dy 

\^\ Jq JR"\2Q J2Q 

= B„il.fix) + Brn2fix). 

For Bif = Y,m ^rnif ® e,ni, wB havc 

SUp\\Bif{x)\\M^B{l2) 

xeQ 



OO ^ 

- ^^P X! / {kmix,y)- k,n{z,y))f{y)dy®er. 

^^^6Q " ™=1 "'R''\2Q 



m — 1 ' 

OO 



M<g)Bie2) 



= sup J2 

OO 

< sup ( ^ [ 



'\2Q 



{km{x, y) - k,n{z, y))f{y) dy 



M 



Tn— 1 



'\2Q 



\kmix,y) -kmiz,y)\dy] )' \\f\\ 



2\ 2 



- sup / (y2\^rn{x,y)~kmiz,y)\^]^dy \\f\\c 

x,z£Q '-Jm"\2Q ^m=i 



< sup 

x,z£Q 



''\2Q \x-y 



n+7 



dy 



\f\[ 



< 



i/li 
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For B2,f = J2,n ^rn2f ® e„ii, we have 
iB,f{x)r{B,f{x))dx 



1 

W\ 



Mi»B{e2) 



1 

W\ 

1 

W\ 



M®B(t2) 



\y2 km{x,y)f{y)dy<g)emi 
y2\ hn{x,y)f{y)dy dx 
= T7TT ™P '^^ ll2\ km{x,y)f{y)ady 

\^\ ik||i,2(A1)<l JQ rn=l "'SQ 

- VTi ™P '^®ll2\ km{x,y)f{y)al2Q{y)dy 



dx 



1 1,2 

sup \\T{fal2Q) 



\Q\ l|a|L,( 



L2{A;Hoh) 



1 

Mllal 



< — sup ||/al2Q||i,(^) < 11/11 



L2(M) 



<1 



On the other hand, if (3mf{x) ~ ^^n krn{x, y)f{y) dy, we also have 
{B2f{x)){B2f{x)rdx 



1 

W\ 



Mi»i3{e2) 



yi E [j PraJ{xW„J{x)dx 



\Q\ 



\Q\ 



mi , 7712 — 1 



M(»B(l2)- 



M®B(t2) 



Since A is a positive operator acting on L2{M', 



1 



{B2f{x)){B2f{x)y dx 



M®B(t2) 



1 



sup (Aa, a) 



7712 ^ ^7772lJ 



" lol ™P ^([ E "™i®^i"i]^t E "■ 

1*^1 lk||l,2(yM;«2)^l J77i = l 7772 = 1 

^ 17TI ™P "^^ / E '^™-^(^)""M '^^ 

1*^1 l|a|U2(-M;«2)^l "'Q 771=1 

= ITTT ™P ■^^ / E / f'niix,y)f{yya,nhQ{y)dy 

\^\ Iklk2(-M;«2)<l "'Q ' 771=1 "'R" 

'^® I E / f^m{x,y)f{y)*a„il2Qiy)dyg{x)dx 



sup 

klll,2(A1;f,)<l 

ll9lU2(^)'^l 
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1 



sup T® X! ( / ^rnix,y)g{x)dx]f{y) a„,l2Q{y)dy 

< — sup ||T9llL(^;«„,o(r® / ^|/(y)*a™pl2Q(z/)dy 

1*^1 lk||l,2(A1;f2)<l ^ •^»"m=l 



ll9ili2(-4)--^ 
_. oo 

< — sup ||r9llL(^;„„,)r(5]|a„p)|2Q|||/||L < II/IIL- 

Il9lll,2(-4)<1 

The estimates so far and their row analogues give rise to 

^^^\\rf\\BMO{A;-H^)A\^-l'\\BMO(A;na)) ^ ll-/'ll°°- 

This completes the BMO estimate. By interpolation as in Section (TJ we get 

for 1 < p < oo. Finally, if T is an isonictry L2{A) -^ L2{A\ Tioh), polarization gives 

II/IIM-4) = „ /up {Tf,Tg)<\\Tf\\^^^^,^^^^y a 

ll9lll.p,(A)<l 

2.4. Examples and further comments. The first examples that come to mind 
are the scalar- valued Calderon-Zygmund operators studied in [21] , given by H one 
dimensional. On the other hand, as in [24] or in Section [1] above, we might also 
consider commuting operator- valued coefficients in Theorems Bf and B2. We omit 
the formal statement of such result. Let us study some more examples/applications 
of our results. 

A. Lusin square functions and g-functions. A row/column form of the Lusin area 
function and the Littlcwood-Palcy g-function for the Poisson kernel was given in 
|19j . It is standard that both square functions are associated to Calderon-Zygmund 
kernels satisfying our size/smoothness conditions. Moreover, the L2 boundedness 
of these operators is straightforward. Therefore, Theorems Bl and B2 apply and we 
obtain the weak Li, strong Lp and ioo ^BMO boundedness of these operators in the 
operator valued setting. The strong Lp inequalities for Lusin square functions and 
(7-functions were one of the main results in [19] . while the weak Li and Loo ~ BMO 
estimates are new. In a similar way, we may consider any other symmetric diffusion 
semigroup as far as it satisfies our kernel assumptions. Note that, when dealing 
with strong Lp estimates, more general families of semigroups were considered in 
[lOj . It seems however that the approach in [lOj does not permit to work with 
general Calderon-Zygmund operators (not coming from semigroups) or providing 
weak Li and Loo — BMO estimates. 

B. Operator-valued Littlewood-Paley theorem (with better constants). Consider 

Khf = lAj with Afc = (-2^+^-2^]U[2^2'=+l). 

An immediate application of Theorem B2 is a generalization to the operator valued 
setting of the Littlewood-Paley theorem, which assets in the commutative case that 



dw 
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for any 1 < p < oo we have 

Indeed, Theorem B2 easily gives the Loo-BMO estimate by the boundedness of Riesz 
transforms on BMO and the classical "shift-truncation" argument of smoothing 
multipliers. An Tii-weak (1,1) estimate can be also obtained by considering atomic 
decomposition [31] and a dual version of Theorem B2. However, using the fact that 
Lp{A4) is a UMD Banach space, this also follows from Bourgain's vector-valued 
Littlcwood-Paley inequality for UMD spaces [T] 

combined with the noncommutativc Khintchinc inequality. In conclusion, Theorem 
B2 provides a new proof of Bourgain's result for Lp(A^)-valucd functions. The 
advantage is that we will get the optimal constants Cp ^ '^rj^P as p ^ 1, oo.^^ | 

C. Beyond the Lebesgue measure on M". Let us point some possible generalizations 
of our results for future research. First, following Han and Sawyer 0, we may 
consider operator-valued Littlewood-Palcy inequalities on homogeneous spaces. We 
are confident these results should hold. Second, in a less obvious way, we might work 
in the nondoubling setting. Recall that Littlcwood-Paley theory for nondoubling 
measures was a corner stone through the Tl theorem by Nazarov, Trcil and Volberg 
[22] and Tolsa [38]. Tolsa's technique seems reasonable as far as we know how to 
prove the weak type (1,1) inequality. The Calderon-Zygmund decomposition in |37j 
looks like the most difficult step and an interesting problem. 

D. An application to the fully noncommutative setting. In a forthcoming paper [12| . 
we are going to apply our results in this paper to Fourier multipliers on group von 
Neumann algebras VN{G). The idea is to embed VN{G) into Loo(K")«)S(^2(G)) 
and to reduce the boundedness of Fourier multipliers on VN{G) to the boundedness 
of singular integrals studied here. 

Appendix A. Hilbert space valued pseudo-localization 

Let us sketch the modifications from the argument in [24j needed to extend the 
pseudo-localization result there to the context of Hilbert space valued kernels. We 
adopt the terminology from Section[2| Besides, we shall write just Lp to refer to the 
commutative Lp space on R" equipped with the Lebesgue measure dx and Lp{'H) 
for its 7i-valued extension. 

Hibert space valued pseudo-localization . Given a Hilbert space Ti, let us 
consider a kernel k : ]R^"\A —f TC satisfying the size/smoothness conditions imposed 
in the Introduction, which formally defines 

Tf{x) = I k{x,y)f{y)dy, 

a Calderon-Zygmund operator. Assume further that T : L2 ^ L2{'H) is of norm 
1. Let us fix a positive integer s. Given a function f in L2 and any integer k, we 



] Musat's constants were improved to ~ p for p > 2 after Randrianantoanina's work |30| . 
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define flk to be the smallest TZk-set containing the support of dfk+s- If we further 
consider the set 

feez 
then we have the localization estimate 



\\Tf{x)f^dT)^ < c„.^s2^^^/2( / \fix)\^dx) 



AS/,. 

This appendix is devoted to sketch the proof of the result stated above. 

A.l. Three auxiliary results. As in [24], Cotlar and Schur lemmas as well as the 
localization estimate from [5D] are the building blocks of the argument. We shall 
need some Hilbert space valued forms of these results. The exact statements are 
given below. The proofs are simple generalizations. 

Cotlar lemma. Given Hilbert spaces JCi,IC2, let us consider a family {Tk)kez of 
bounded operators /Ci — ^ /C2 with finitely many non-zero Tk 's. Assume that there 
exists a sumable sequence {ak)kez such that 



I IIt"'*^^ II IIt^t^*II I ^ 2 

max-i Hi; J,-||„,^ ^.\\iii.i \\„,^ ^ J- < «,-_,- 



II j illB(/Ci)' II « J IIb(/C2)J 
for all i,j e Z. Then we automatically have 

II V 7\. < V ckfc. 

Schur lemma. Let T be given by 

Tf{x)^ f k{x,y)f{y)dv. 
Let us define the Schur integrals associated to k 

Si{x) = I \\k{x,y)\\^dy and S2{y) = / ||A:(x, ?/)||,^ dx. 
If 81,82 G Lao, then T is bounded on L2 and we have 



\\T\\BiL2,L2in)) < Y ||'5i| 
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A localization estimate. Assume that 

1 

\x-y\ 



Hx,y)\\f^<TZ TTTT /or aZ? x,yeW, 



and let T be a C alder on- Zygmund operator associated to the kernel k. Assume 
further that T : L2 ^ L2{Ti.) is of norm 1. Then, given xq e R" and ri,r2 G M_|_ 
with r2 > 2ri, the estimate below holds for any pair f,g of bounded scalar-valued 
functions respectively supported by Brj(a;o) and Br^ixo) 

Tf{x)g{x)dx < c„r" log(r2/ri) ||/||oo||.9||oo- 

7^ 
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A. 2. A quasi-orthogonal decomposition. According to the conditions imposed 
on T, it is clear that its adjoint T* : L2{'H*) ^ L2 is a norm 1 operator with kernel 
given by k*(x, y) = {k{y, x), ■). Indeed, we have 



{Tf,g) = / ( / k{x,y)f{y)dy,g{x))dx 



f{y) / {k{x,y),g{x))dxdy = (f,T*g), 

for any g S L2(Ti.*)- In particular, the kernel k*(x,y) may be regarded as a linear 
functional Ti* —f C or, equivalently, an element in Ti. Thus, it satisfies the same size 
and smoothness estimates as k{x,y) and we may and shall view T* as an operator 
L2 —>■ L2{'H) which formally maps g € L2 to 

T*g{x)^ J^k*{x,y)g{y)dyeL2{n). 

We shall also use the terminology (T/, g) = (/, T*g) to denote the continuous 
bilinear form {f,g) G L2 y< L2 -^ H. In fact, we may also define T*l in a weak 
sense as in the scalar- valued case. Moreover, the condition T*l = which we shall 
assume at some points in this section, implies as usual that the relation below holds 
for any / e Hi 

(Al) / Tf{x)dx = 0. 

JwL" 

Indeed, we formally have (T/, 1) = (/, T*l) = 0. Nevertheless, we refer to Hytonen 
and Weis [^ for a more in depth explanation of all the identifications we have 
done so far. Let us go back to our problem. As usual, let E^ be the /c-th dyadic 
conditional expectation and fix A^ for the martingale difference Ek — Efc-i, so that 
Efc(/) = fk and Afc(/) = df^- Then we consider the following decomposition 

fcez fcGZ 

where T^ denotes the truncated singular integral 



Tef{x) = / k{x,y)f{y)dy. 

J\x-y\>e 

We refer to [23] more details. Our first step towards the proof is the following. 

Shifted quasi-orthogonal decomposition. Let T : L2 ^ L2{Ti.) he a normalized 
Calderon-Zygmund operator with Lipschitz parameter 7, as defined above. Assume 
further that T*l = 0, so that 



Tf{x) dx = 
for any f £ Hi . Then, we have 



\^s\\b{L2,L2CH)) - I 2^^, EkTAk+s 



_^ Cti^ s z 
B(L2,L2(H)) 



Moreover, regardless the value of T*l, we also have 
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A. 2.1. The norm o/$s- Define 

(I^rAw) = — -rliijw): 
1 ^" 

where R^ is the only cube in Q^ containing a: and Qy is the only cube in Qk+s 
containing y. Moreover, the cubes Q21 Qsi • ■ • , Q2" represent the remaining cubes 
in Qk+s sharing dyadic father with Qy . Arguing as in [21] , it is easily checked that 
the kernel ks^k{x,y) of EkTA^+s bas the form 

(A2) fc,,fc(.T,2;) = (T(^^J,0^^). 

Lemma A.l. If T*l ~ 0, the following estimates hold: 

a) Ify eK"\3R^, we have 



b) If y & iRx \Rx, we have 



«- " b_y|n+7- 



dw 

Cy 

c) Similarly, if y (z Rx we have 



fc,..(x,,)||„<c„.,2-('=^-^)2-min / 7,„^, , .2^^^-+-) 



||fc...(^,y)L < c„,,2-''(^+^)2"'=min / ^^ .2^('=+-) . 

T/ie constant c„.^ on/?/ depends on n and 7; Cy denotes the center of the cube Qy. 

The main ingredients of the proof arc the sizc/smootlmcss estimates imposed on 
the kernel, plus the cancellation condition (JA1[) and the localization lemma given 
above. In particular, the proof in 231 Lemma 2.3] translates verbatim to the Hilbert 
space valued context. Moreover, the result below is a direct consequence of Lemma 
lA.ll and some calculations provided in [53] . 

Lemma A. 2. Let us define 

Sl,k{x) = / ||^s,fe(a;,y)||^dy, 
S^kiv) = / \\ksM{x,y)\\^dx. 

JR" 

Then, there exists a constant c„^^ depending only on n, 7 such that 

Slki^) < ^ for all ix,k)eW^xZ, 

Slkiy) < (^n,jS for all (y,fc)eM"xZ. 

Now we are in position to complete our estimate for $s- In fact, the argument 
we are giving greatly simplifies the one provided in [24j . Namely, let us write As^k 
for EkTAk+s- Then, Lemma lA.21 in conjunction with Schur lemma provides the 
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estimate \\As,k\\B{L2,L2{n)) < Cn,'ys2^'''^/^. On the other hand, according to Cotlar 
lemma, it remains to check that 



■|||^s,i^sj||B(L2)) ||^s,iAsj||B(L2CH))/ - '^n,jS 6 



for some sumable sequence {ak)kei.- Now, by the orthogonahty of martingale dif- 
ferences, it suffices to estimate the mappings A* ^A^ ^ in B{L2)- Indeed, the only 
nonzero mapping A, jA* is the one given by z = j and 

II A A* II < II A , iP < c k'^p~^'^ 

\V^sy^sM\-B{L2(n)) - lr^''''=lls(L2,L2(W)) - ^"^T* ^ 

by the estimate given above. To estimate the norm of A* jA^, -, we assume (with 
no loss of generality) that i > j. The martingale property then gives E^Ej — Ej, 
so that A* jAg = Ai^sT* EjT Ajjj-s ■ If we combine this with the estimate deduced 
from Lemma lA.21 we get 

A. 2. 2. The norm of ^s. The arguments in this case follows a similar pattern to 
those used for <I>s. The main differences are two. First, we can not use (jAip anymore 
but this is solved by the cancellation produced by the term {id — E^). Second, the 
simplification with respect to the original argument in |24] given above -using the 
martingale property- does not work anymore in this setting and we have to follow 
the complete argument in [24] for this case. Nevertheless, the translation of the 
original proof to the present setting is again straightforward. We leave the details 
to the interested reader. 

A. 3. The paraproduct argument. To complete the proof, we need to provide an 
alternative argument for those Caldcron-Zygmund operators failing the cancellation 
condition (|A1|) . Going back to our original decomposition of 1r'«\s, T/, we may 
write 1ri\s^ ^Tf ~ 1r'>\s^ ^ i^sf + '^sf)- The second term vfi^/ is fine because the 
quasi-orthogonal methods applied to it do not require condition (jAip . For the first 
term we need to use the dyadic paraproduct associated to p = T*! 

oo 

np(/)= Y. A,(p)E,_i(/). 

j = -OD 

Lemma A. 3. If T : L2 ^ L2{Ti.) is bounded, then so is Up. 

Proof. We have 

00 „ 

I|np(/)|1L(«) = E / \\djp{x)\\Ufi-ii^)\''dx. 

Since Ej^i{\\dj p{x)\\'u) ~ \\^jp{'^)\\'H, we may define 

00 

j=-oo 

with Tj the j-tli Rademacher function. Then, it is clear that 

l|np(/)|U2(«) = l|nH(/)l|2 < |li?||BMO.(M")ll/l|2. 
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On the other hand, it is not difficult to cheek that the identities below hold 
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\R\ 



BMOd 



^) 



sup Ej^ \dRk 



je 



k>] 



sup Ej^lldp, 



J 6 



kWn 



k>] 



sup sup 



Im/o"'^^^ 



pgll^dx 



sup sup inf 



|p(x) - aglL dx 



Then, we take aq — T*1i{"\2q(cq) with cq the center of Q and obtain 



1 



Q 
< 



\p{x) ~ aqW dx 



r 1 

■W\JQ 

■W\Jq 

The fact that T* : L2 ^ L2{'H) is bounded yields 



+ 



\T*l2Q{x)\\j,dx 



|^*lM"\2Q(a;) - r*li{"\2Q(cQ)||„rfx 



A+B. 



A< 



TgT / ||r*l2Q(x)||^dx 



< 



'-2QII2 



< 22'. 



On the other hand, Lipschitz smoothness gives for x G Q 



\T*Im.^\2q{x) - T*1r.\2q(cq)||„ < 



A2Q 



\k*{x,y) ~k*{cQ,y)\\ dy < 



This automatically gives an absolute bound for B and the result follows. 



D 



According to Lemma IA.3| the dyadic paraproduct Up : L2 ^ L2 {Ti) defines a 
bounded operator. Therefore, regarding its adjoint as a mapping L2 — ^ L2(Ti.) via 
the identifications explained above, we find a bounded map 

00 

n;(/)= ^ E,_i((A,(p),.)/). 

This allows us to consider the decomposition 

T = To + n;. 

Now we go back to our estimate. Following [24|, we have 

1k"\s/,. Efc Efen;Afe+,/ = 0. 

Therefore, it suffices to see that Tq satisfies the following estimate 

IIV EfeToAfe+,, <c„,^se-^^/2. 

II ^^fe B{L2.L2(n)) 

It is clear that Tq 1 = 0, so that condition (|A1[) holds for Tq. Moreover, according 
to our previous considerations, Tq : L2 —> L2{'H) is bounded and its kernel satisfies 
the size estimate since the same properties hold for T and 11*. In particular, 
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the only problem to apply the quasi-orthogonal argument to Tq is to verify that 
its kernel satisfies Lipschitz smoothness estimates. We know by hypothesis that 
T does. However, the dyadic paraproduct only satisfies dyadic analogues. It is 
nevertheless enough. Indeed, since Lemma I A . 2 1 follows automatically from Lemma 
lA.ll it suffices to check the latter. However, following the argument in [2j, it is 
easily seen that the instances in Lemma lA.ll where the smoothness of the kernel is 
used equally work (giving rise to 0) in the dyadic setting. 

Appendix B. Background on noncommutative integration 

We end this article with a brief survey on noncommutative Lp spaces and related 
topics that have been used along the paper. Most of these results are well-known 
to experts in the field. The right framework for a noncommutative analog of the 
classical measure theory and integrations is the theory of von Neumann algebras. 
We refer to [TH [31] for a systematic study of von Neumann algebras and to the 
recent survey by Pisier/Xu [28j for a detailed exposition of noncommutative Lp 
spaces. 

B.l. Noncommutative Lp. A von Neumann algebra is a weak-operator closed 
C*-algebra. By the Gelfand-Naimark-Segal theorem, any von Neumann algebra M 
can be embedded in the algebra B{'H) of bounded linear operators on some Hilbert 
space H. In what follows we will identify A4 with a subalgebra of S(7Y). The 
positive cone M+ is the set of positive operators in Ai. A trace r : M+ -^ [0, oo] 
on A^ is a linear map satisfying the tracial property T{a*a) ~ T{aa*). A trace r is 
normal if sup„ T{aa) = t(suPq, a^) for any bounded increasing net (oq) in Ai + ] it is 
semifinite if for any non-zero a e A^+, there exists < a' < a such that T{a') < oo 
and it is faithful if T{a) = implies a = 0. Taking into account that r plays the 
role of the integral in measure theory, all these properties are quite familiar. A von 
Neumann algebra M is called semifinite whenever it admits a normal semifinite 
faithful {n.s.f. in short) trace r. Recalling that any operator a can be written as a 
linear combination ai — a2 + ia^ — ia^ of four positive operators, we can extend r 
to the whole algebra M. Then, the tracial property can be restated in the familiar 
way T{ab) = T{ba) for all a,b E M.. 

According to the GNS construction, it is easily seen that the noncommutative 
analogs of measurable sets (or cquivalently characteristic functions of those sets) 
are orthogonal projections. Given a G A^+, the support projection of a is defined 
as the least projection q\n M such that qa = a = aq and will be denoted by suppa. 
Let 5+ be the set of all a £ M+ such that r(suppa) < oo and set S to be the 
linear span of S+. If we write \x\ for the operator (x*a;) 2 , we can use the spectral 
measure j^j.^ : IR+ -^ B{'H) of the operator |a;| to define 

s^ d7u|(s) for < p < 00. 

We have x e S ^ \x\p e S+ ^ t{\x\p) < 00. If we set |ja;|jp = t{\x\p)p , it turns 
out that II lip is a norm in S for 1 < p < 00 and a p-norm for < p < 1. Using 
that 5 is a w*-dense *-subalgebra oi M, we define the noncommutative Lp space 
Lp{M) associated to the pair {M,t) as the completion of (5, || ||p). On the other 
hand, we set Loo(-M) = -M equipped with the operator norm. Many fundamental 
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properties of classical Lp spaces, like duality, real and complex interpolation... have 
been transferred to this setting. The most important properties for our purposes 
are 

• Holder inequality. If l/r = l/p+ l/g, we have ||a6||r < |la|lp|16|lg. 

• The trace r extends to a continuous functional on Li{M.): \t{x)\ < \\x\\i. 

See [28] for Lp spaces over type III algebras. Let us recall a few examples: 

(a) Commutative Lp spaces. Let Ai be commutative and semifinite. Then 
there exists a semifinite measure space (il, E, fi) for which M = Loo(^) smd 
Lp{A4) ~ Lp{Q) with the n.s.f. trace r determined by 



t(/)= / fiL0)dfliL0). 

Jn 

(b) Semicommutative Lp spaces. Given a measure space ($7, E, fi) and a 
semifinite von Neumann algebra (A/", r) . We consider the von Neumann 
algebra 

{M,I-i(E)t) = (Loo{^)<S)Af, / T{-)dn). 

In this case, 

Lp{M) ^ Lp{n; LpiM)) , 
the Lp-space of Lp{J\f)-va\ucd Bochner-integrable functions, for all p < oo. 

(c) Schatten p-classes. Let A4 = B{'H) with the standard trace 

where {ex)\ is any orthonormal basis of 7i. Then, the associated Lp space 
is called the Schatten p-class Sp{H). When Ti. is separable, the Schatten 
p-class is the noncommutative analog of ^p, which embeds isometrically into 
the diagonal of Sp . 

(d) Hyperfinite IIi factor. Let M2 be the algebra of 2 x 2 matrices equipped 
with the normalized trace a = ^tr. A description of the so-called hyperfinite 
III factor TZ is by the following von Neumann algebra tensor product 

(7^,T) = (g)(7\/2,a). 

n>l 

That is, 7?. is the von Neumann algebra generated by all elementary tensors 
xi® ■ ■ ■ ® Xn®'^®'^ ■ ■ ■ and the trace r is the unique normalized trace on 
TZ which is determined by 

n 

rixi ® ■ ■ ■ ®Xn®'^®'^- ■ -j =W cr{xk). 

fe=i 

Lp{TZ) may be regarded as a noncommutative analog of Lp[0, 1]. 

There are many other nice examples which we are omitting, like free product von 
Neumann algebras, g-deformed algebras, group von Neumann algebras... We refer 
to [40] for a more detailed explanation. 
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Remark B.l. Assume that the Hilbert space Ti has a countable orthonormal basis 
{ek)kez and consider the associated unit vectors em,n oi B{'H) which are determined 
by the relation em.„(a;) = (x, en)em- Let r+ and r_ be the projections from B{Ti.) 
onto the subspaces 

A+ = spanjem.n \m > nj and A_ = span = \em,n | m < n| 

respectively. T+ and r_ are the first examples of noncommutative singular integrals 
and r+ — r_ is a nononcommutative analog of the classical Hilbert transform. In 
fact, when Ti = L2(T) is the space of all L2-iiitegrable functions on the unit circle 
and Cfe = exp(ifc-), we embed Loo(T) into B{'H) via the map 

*:/eL^,(T)^vi/(/)e6(7i) with ^if)[g]=Jg, 

for any g G ^2(1). Then *(efc) = J^m ^ra,m-k and 

(T+-T_)(vI/(/)) = -z*(if/), 

for any / G i2(T) H Loc(T). Here H denotes the classical Hilbert transform on T. 

B.2. Noncommutative symmetric spaces. Let 

7W' = |6 e B{n) \ab^ha for all a G 7w| 

be the commutant of A^ . A closed densely-defined operator on Ti. is affiliated with 
M when it commutes with every unitary u in the commutant M' . Recall that 
M = M." and this implies that every a G A^ is affiliated with M^. The converse 
fails in general since we may find unbounded operators. If a is a densely defined 
self-adjoint operator on Ti and a ~ J^sd'^ais) is its spectral decomposition, the 
spectral projection J.nd'ya{s) will be denoted by x^(a). An operator a affiliated 
with M is T-measurable if there exists s > such that 

T{\a\ > s} ^ T"(x(s,oo)(|a|)) < 00. 
The generalized singular-value ^{a) : ]R_|_ -^ M_|_ is defined by 



^j,t{a) = mi Is > | t{\x\ > s} < t\. 



This provides us with a noncommutative analogue of the so-called non-increasing 
rearrangement of a given function. We refer to [4] for a detailed exposition of the 
function /-i(a) and the corresponding notion of convergence in measure. If Lo{A4) 
denotes the *-algebra of r-measurable operators, we have the following equivalent 
definition of Lp 

r - 

Lp{M) = {a e LoiM) \ U Ait(a)Pdi) ' < 00}. 

The same procedure applies to symmetric spaces. Given the pair {A4, r), let X be 
a rearrangement invariant quasi-Banach function space on the interval (0, t(1m))- 
The noncommutative symmetric space X(A^) is defined by 

X(A4) = |a G Lo(X) I M(a) e x| with ||a||x(>,) = ||Ai(a)l|x- 

It is known that X(A^) is a Banach (rcsp. quasi-Banach) space whenever X is 
a Banach (resp. quasi-Banach) function space. We refer the reader to |31 [3S] for 
more in depth discussion of this construction. Our interest in this paper is restricted 
to noncommutative Lp-spaces and noncommutative weak Li-spaces. Following the 
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construction of symmetric spaces of measurable operators, the noncommutative 
weak Li-space Li,oo{.M), is defined as the set of all a in Lq{M) for which the 
quasi-norm 

ll°^lli oo = sup i/it(a;) = sup Xt\ |a;| > A [ 
t>o A>o '- J 

is finite. As in the commutative case, the noncommutative weak Li space satisfies a 

quasi-triangle inequality that will be used below with no further reference. Indeed, 

the following inequality holds for ai, 02 € ii,oo(A^) 

Ar||ai +02! > a| < Arjlail > A/2| + Ar||a2| > A/2|. 

B.3. Noncommutative martingales. Consider a von Neumann subalgebra (a 
weak* closed *-subalgebra) A/" of a semifinite von Neumann algebra {M,t). A 
conditional expectation £ : M ^ JV is a positive contractive projection from Ai 
onto Af. The conditional expectation £ is called normal if the adjoint map £* 
satisfies f *(A^*) C A/"*. In this case, there is a map £* : M* — » AC whose adjoint 
is £. Such normal conditional expectation exists if and only if the restriction of 
r to the von Neumann subalgebra Af remains semifinite, see e.g. Theorem 3.4 in 
|36j . This is always the case when t{1m) < oo- Any such conditional expectation 
is trace preserving (i.e. r o £ = r) and satisfies the bimodule property 

£{aiba2) ~ ai£{b)a2 for all oi, 02 G A/" and 6 G A^. 

Let {Aik)k>i be an increasing sequence of von Neumann subalgebras of A4 such 
that the union of the A^fc's is weak* dense in A4. Assume that for every fc > 1, 
there is a normal conditional expectation £k : A4 ^ A4k- Note that for every 
1 < p < 00 and fc > 1, £k extends to a positive contraction £k : Lp{A4) -^ Lp{A4k)- 
A noncommutative martingale with respect to the filtration {A4k)k>i is a sequence 
a = (afc)fc>i in Li{A4) such that 

£j{ak) ~ Oj for all 1 < J < fc < 00. 

If additionally a C Lp{A4) for some 1 < p < 00 and ||a||p = sup;,>]^ llctfcllp < 00, 
then a is called an Lp-bounded martingale. Given a martingale a = {ak)k>i, we 
assume the convention that og = 0. Then, the martingale difference sequence 
da = {dak)k>i associated to x is defined by dok = Ok — a/c-i- 

Let us now comment some examples of noncommutative martingales: 

(a) Classical martingales. Given a commutative finite von Neumann algebra 
AA equipped with a normalized trace r and a filtration (A^,i)ri>i, there 
exists a probability space (fi, I],/i) and an increasing sequence (S„)„>i of 
CT-subalgebras satisfying 

Lp{M) = Lp{a, S, ^) and Lp{Mn) = ip(^, S„, /i). 

Thus, classical martingales are a form of noncommutative martingales. 

(b) Semicommutative martingales. Let (51, S, fi) be a probability space and 
{Af , t) be a semifinite von Neumann algebra. Given (I]„)„>i an increasing 
filtration of cr-subalgebras of S, we consider the filtration 



(M„,r) = (Loo(^,Sn,Ai)«)A/', / T{■)d^l^, 
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of 

(A^,r) == (L^(r!,E,/i)^AA, /" r(-)dAi). 

In this case, conditional expectations are given by E„ = E„(8) JdAA where E„ 
denotes the conditional expectation (fi, S) -^ (fi, I]„). Once more (in this 
particular setting) nonconimutative martingales can be viewed as vector 
valued commutative martingales. 

(c) Finite martingales. When dealing with Schatten p-classes, there is no 
natural finite trace unless we work in the finite-dimensional case Sp{n) 
where we consider the normalized trace a = -tr. A natural filtration is 
obtained taking {A4k,<^) to be the subalgebra of fc x fc matrices (i.e. with 
vanishing entries in the last n — k rows and columns) . This choice is useful 
to obtain certain counterexamples, see [16| . 

(d) Dyadic martingales. Let ei, £2, £3 ... be a collection of independent ±1 
BernouUis. Classical dyadic martingales are constructed over the filtration 
5^n = cr(ei,e2, . . . ,£n)- The noncommutative analog consists of a filtration 
{T^n)n in the hyperfinite IIi factor as follows 



(7^„,r)= (g) (A/2, a). 

l<7n<n 

TZn embeds into TZ by means of oi (g) • • • (8) a„ 1-^ ai (8) • • • (X) a„ (X) 1 (S) 1 • • • . 
Moreover, given 1 < n < r, the conditional expectation E„ : 7?. — * 7?.„ is 
determined by 

r 

E„ (fli (g) • • • ® Or (X 1 (8 1 • • • ) = ( Jl (7{ak)\ ai (g) • • • ® a„ (g 1 ® 1 • • • 

k=n+l 

As we did with noncommutative Lp spaces, we omit some standard examples 
like free martingales, g-deformed martingales or noncommutative martingales on 
the group algebra of a discrete group. We refer again to [40] for a more in depth 
exposition. 

The theory of noncommutative martingales has achieved considerable progress in 
recent years. The renewed interest on this topic started from the fundamental paper 
of Pisier and Xu [27j . where they introduced a new functional analytic approach 
to study Hardy spaces and the Burkholder-Gundy inequalities for noncommutative 
martingales. Shortly after, many classical inequalities have been transferred to the 
noncommutative setting. A noncommutative analogue of Doob's maximal function 
[8], the noncommutative John-Nirenberg theorem [11], extensions of Burkholder 
inequalities for conditioned square functions [15j and related weak type inequalities 
[29j[30]; see [26] for a simpler approach to some of them. 
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